






















1 A note on asymptotic density




It is proved that P (ω)/△d, where △d is the ideal of sets of asymp-
totic density zero, is universal in the sense of embeddings.
1 Introduction
We examine the algebra P (ω)/△d, where △d is the ideal of sets of asymptotic
density zero. We start this paper with Proposition 1, in which we show that
P (ω)/fin is embedded into P (ω)/△d. Thus, one can suspect that P (ω)/△d
has a number of common features with the algebra P (ω)/fin. Actually, so,
because, for example both algebras have no (ω, ω)-gaps, (compare [6, p. 38]
and Proposition 2 in this paper). They are also different in some aspects, i.e.,
P (ω)/fin has no ω-limits, (see [6, p.33]) but, as we will show in Proposition 3,
P (ω)/△d has. Moreover, as we will show in Proposition 4, (P (ω)/△d)
ω is
isomorphic to P (ω)/△d, the same property is not true for P (ω)/fin even for
the finite product, (see e.g.[7] p. 89 and 215 for details).
Furthermore, the space ω∗ = st(P (ω)/fin) was recognized as homoge-
neous up to 1956 when W. Rudin proved that under CH it has P -points,
(see [13] and [6, p. 79]). In 1978 K. Kunen proved in ZFC that there exist
weak P-points in ω∗, (see [9]), more precisely, he showed that in ω∗ there are
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weak P -points which are not P -points. (Later in [14] there was proved that
in some models P -points do not exist in ω∗). As we will show in Theorem 1,
P (ω)/△d has a weak P -point, (our argumentation is based on [8, 9], where
there is constructed a special kind of family, namely an independent linked
family).
By well known Parovičenko theorem, (see [6, p.43-45]), P (ω)/fin is uni-
versal in the sense of embeddings of algebras of cardinality continuum. How-
ever, as was shown by Shelah in [14] the algebra LM/△, (where LM is
the collection of all Lebesgue measurable sets and △ is the ideal of sets
of Lebesgue measure zero) consistently does not have to be embedded in
P (ω)/fin. However, it is true that after adding ω2 Cohen reals one can em-
bed LM/△ into P (ω)/fin, but it is not equivalent to CH, (see [2]). In the
presence of Proposition 1, we can conclude that there are such models for
which there is no embedding P (ω)/△d into P (ω)/fin. Despite this result,
we show that after adding ω2 Cohen reals P (ω)/△d can be embedded in
P (ω)/fin, (see Theorem 2 in which the proof we use the ideas presented
in [2]).
In [5] it is proved that there is a measure preserving embedding from
LM/△ into P (ω)/△d. This statement leads us to the most spectacular result
of this paper which we include in Theorem 3, i. e. there exists an embedding
φ:H(2c)/△H → P (ω)/△d such that d(φ(a)) = µ(a), a ∈ H(2
c)/△H, where
H(2c) is the family of all Haar measurable sets of 2c, µ is the Haar measure on
the Cantor cube 2c and △H is the ideal of sets of Haar measure zero. (In the
proof of Theorem 3 we use only combinatorial methods and ideas presented
in paper [5]).
The paper is organized in two sections. In Section 2, there are gathered
basic definitions and notations used in the further part of this paper. Sec-
tion 3 is divided into four subsections containing: embeddings into P (ω)/△d,
the existence of a weak P -point in st(P (ω)/△d), the embeddings P (ω)/△d
into P (ω)/fin (under assumptions mentioned above), the measure preserving
embedding H(2c)/△H into P (ω)/△d.
2 Definitions and previous results
1.1. An ordinal ω denotes the set of non-negative integers, fin denotes the
ideal of all finite subsets of ω.
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1.2. Let A ⊆ ω. Lower asymptotic density d∗(A) and upper asymptotic den-












If d∗(A) = d
∗(A) =: d(A), then d(A) is called (asymptotic) density. By △d
we denote the ideal of subsets of (asymptotic) density zero. Notice that sets
with density do not form an algebra, but in many aspects they behave as
an algebra. In cases where density may not exist we will consider the upper
density.
1.3. Let A and B be Boolean algebras. We say that φ:A → B is a regu-
lar embedding iff
(I) φ is homomorphism,
(II) φ is embedding,
(III) if A is a maximal antichain in A, then {φ(A):A ∈ A} is a maximal
antichain in B,
(see also [12, vol. 1]).
1.4. Let B be a Boolean algebra. A gap (or cut) is a pair 〈S, T 〉, where
S, T ⊆ B such that a · b = O for each a ∈ S and b ∈ T . The element c fills
(or separates) a gap 〈S, T 〉 if a ≤ c and c · b = O for each a ∈ S and b ∈ T . A
pair of cardinals (κ, λ), where κ = |S| and λ = |T | is called a type of 〈S, T 〉
if there is no c ∈ B which separates 〈S, T 〉. The system without separating
elements is called a (κ, λ)-gap.
1.5. A descending chain {aα:α < γ} in Boolean algebra B by a γ-limit
(a limit of length γ), if there is no positive a such that a < aα for each α < γ.
1.6. Let B be a Boolean algebra. The gap determined by c over B is a pair
〈A,B〉, where A consists of all elements of B with a ≤ c and B consists of
all elements of B with c ≤ b. 〈A,B〉 is countably generated if A is a count-
ably generated as an ideal and B is countably generated as a filter (possibly
improper).
1.7. The st(A) denotes the Stone space of A. Then βω = st(P (ω)) and
βω \ ω = st(P (ω)/fin) = ω∗, (see [3, 11] for details).
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1.8. Let X be a topological space. A point p ∈ X is called a P -point iff
p ∈ int(
⋂
n Un), whenever {Un:n ∈ ω} is a countable family of neighbour-
hoods of p. A point p is called a weak P -point iff p is not a limit point of any
countable subset of X \ {p}. Clearly, every P -point is a weak P -point, but
not conversely, (see [9]).
1.9. LM denotes the family of all Lebesgue measurable sets in 2ω, λ de-
notes the Lebesgue measure and △ denotes the ideal of subsets of Lebesgue
measure zero.
1.10. H(2κ) denotes the family of all Haar measurable sets of 2κ, where
κ is an infinite cardinal. The Haar measure µ is generated by the basic sets
[s] = {f ∈ {0, 1}κ: s ⊆ f}, where s ∈ {0, 1}<ω and µ([s]) = 1
2|s|
. The ideal of
sets of Haar measure zero is denoted by △H .
Notice that we can consider 2c as the product space (2ω)c. If we endow the
Cantor cube 2c with the structure of topological group with Haar measure µ
then there is a continuous map ϕ: 2c → 2ω satisfying ϕ(µ) = λ, where λ is
the Lebesgue measure on 2ω, (it is folklore). Then all theorems concerning
the base of such a product and product measure are applied (see [1, 4]).




Proposition 1 There exists a regular embedding P (ω)/fin into P (ω)/△d.
Proof. Let {kn:n ∈ ω} be a sequence of elements of ω such that kn < kn+1,












where [A] ∈ P (ω)/fin and [
⋃
n∈A[kn, kn+1)]] ∈ P (ω)/△d. Clearly, f is a ho-
momorphism and even embedding, because d(
⋃
n∈A[kn, kn+1)) > 0. If A is a
maximal antichain in P (ω)/fin, then it is clear that {f([A]):A ∈ A} is a
maximal antichain in P (ω)/△d.
Proposition 2 P (ω)/△d has no (ω, ω)-gaps.
Proof. Consider a gap in P (ω)/△d
〈{[An]:n ∈ ω}, {[Bm]:m ∈ ω}〉,
such that
(i) d∗(An) > 0, d
∗(Bn) > 0 for n,m ∈ ω,
(ii) Aα ∩ Bβ =∗ 0 for any α, β ∈ ω, i.e. |Aα ∩ Bβ| < ω.
Then d(Aα ∩Bβ) = 0 for any α, β ∈ ω.
Now for each n ∈ ω take Cn ⊆ ω such that {An \ Cn:n ∈ ω} is an
increasing sequence. Since property AP holds, (see [10]), there is C ⊆ ω such
that
(iii) d∗((An \ Cn) \ C) = 0
(iv) d∗(C) = limn→∞ d
∗(An \ Cn).
Then for each n ∈ ω we have
d∗(C ∩ Bm) = d
∗((An \ C) ∪ (An ∩ Bm)) = d
∗(An \ C) + d
∗(An ∩ Bm) = 0.
The proof is completed
Proposition 3 P (ω)/△d has an ω-limit.
Proof. Consider a chain {an:n ∈ ω} such that
(i) an > an+1,





Observe that An ⊇ An+1 and
⋂
n∈ω An = 0. Then d(
⋂
n∈ω An) = 0 and
[
⋂
n∈ω An] = O.
Proposition 4 There exists an embedding f : (P (ω)/△d)
ω → P (ω)/△d.
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Proof. Consider a sequence {kn:n ∈ ω} of elements of ω such that






Consider a partition of ω into infinite sets of positive density {An:n ∈ ω} such
that kn ∈ An and km 6∈ An for any distinct m,n ∈ ω. Hence [An]∩ [Am] = ∅,
thus the family {P (An)/△d:n ∈ ω} is a partition of P (ω)/△d. Obviously the
mapping
hn:P (ω)/△d → P (An)/△
n
d ,
where △nd is the ideal of subsets of An of density zero, is an isomorphism,
because An is infinite for any n ∈ ω. Then
(hn)n∈ω = h: (P (ω)/△d)
ω → Πn∈ωP (An)/△
n
d
is also an isomorphism.
Consider a mapping
g:P (ω)/△d → Πn∈ωP (An)/△
n
d
such that g(x) = (x · an)n∈ω, where an ∈ P (An)/△
n
d . Notice that g is ho-
momorphism because hn = ϕ ◦ g, where ϕ : (P (ω)/△d)
ω → P (ω)/△d is a
projection. The mapping g is also one-to-one because if x 6= O in P (ω)/△d,





n∈ω bn. Then g(x) = b, because {P (An)/△d:n ∈ ω} is a partition.
Hence g is an isomorphism. Then
f = g−1 ◦ h: (P (ω)/△d)
ω → P (ω)/△d
is the required embedding.
3.2
Lemma 1 For any family A = {An ⊆ ω:n ∈ ω} and T ⊂ ω be a set of


















Proof. Enumerate T = {0, ..., m} for some natural number m and take
{An ⊆ ω ∈ n ∈ T}. Then by standard argumentation we have
|(
⋃
m∈T Am) ∩ n|
n
=









Taking the limit supremum under n → ∞ we obtain the first part of the
lemma.
Assuming Σn∈ωd
∗(An) < ∞ and using standard analytical arguments, we
obtain the second part of the lemma.




} and let S ⊂ ω be a set of indices
such that |S| < ω. Then d∗(
⋃
n∈S An) 6 1 and {An:n ∈ S} is |S|−centered,
i.e.
⋂
n∈S An 6= ∅. Moreover if Σn∈ωd
∗(An) < ∞, then d
∗(
⋃
n∈ω An) < 1 .











To verify that {An:n ∈ S} is |S|-centered notice that d
∗(ω) = 1 and use the
argumentation above.






series, use the inequality above, the fact that d∗(ω) = 1 and the standard
analytical arguments.
Lemma 3 For each ultrafilter U ∈ st(P (ω)/△d) and for each ε > 0 there
exists A ∈ U such that d∗(A) < ε.
Proof. We start with d∗(ω) = 1. Divide ω into two sets A0, A1 in this




and then A0 divide into two sets A00, A01 in









. Continue this procedure up to f ∈ k{0, 1}, for some
k ∈ ω. Let




, f ∈ k{0, 1}}.





, where f⌢0, f⌢1 ∈ k+1{0, 1}. Since k is arbitrary, the proof
is complete.
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Lemma 4 Let {An:n ∈ ω} be a family such that Σn∈ωd
∗(An) ≤ 1. Then for
every utrafilter U ∈ st(P (ω)/△d) there exists an element B ∈ U such that
⋃
n∈ω An ∩ B 6= ∅ and d
∗(
⋃
n∈ω An ∩B) < 1.
Proof. The case when
∑
n∈ω d




By Lemma 1, we have d∗(
⋃
n∈ω An) < 1. Then 0 < d
∗(ω \
⋃
n∈ω An) 6 1. For
each n ∈ ω take
Bn = {B ∈ U :An ∩ B 6= ∅}.
For completeness the proof it is enough to show that there exists n0 such
that Bn0 6= ∅. If Bn = ∅ for all n ∈ ω then all elements of U would be in
ω \
⋃
n∈ω An. But d
∗(
⋃
U) = 1. A contradiction.
Theorem 1 In st(P (ω)/△d) there exists a weak P-point.
Proof. Consider a family




, n ∈ ω}.
Such a family is infinite by Lemma 3. For each n ∈ ω consider a family
An = {A














Anαn : (αn) ∈ [2
ω]ω}.
Since the construction above and Lemma 2, C0 is a filter which contains only
infinite subsets of ω. By Lemma 4, C0 is not a required weak P-point. Notice
that in st(P (ω)/△d) there are 2
c ultrafilters but they are generated by 2ω
subsets of ω. Enumerate all subsets of ω by V = {Vα:α < 2
ω}. By Lemma 3,
for each V ∈ V there exists a countable decreasing sequence
V = V 0 ⊇ V 1 ⊇ V 2 ⊇ ...
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such d∗(V i) ≥ d∗(V j) for i > j and limn→∞ d
∗(V n) = 0. Thus we have to
construct an increasing sequence of filters {Cα ∈ P (ω)/△d:α < 2
ω} with the
following properties:
(i) ∀V ∈V∃α<2ω V ∈ Cα or ω \ V ∈ Cα,
(ii) ∀V ∈V∃B∈⋃ Cα∃V ′⊆V (d
∗(V ′) ≤ d∗(V ) ⇒ V ′ ∩B = ∅).
Then C =
⋃
α∈2ω Cα will be the required ultrafilter.
We will proceed by transfinite induction in 2ω stages. Let
{Dλµ,n:µ, λ < 2
ω, 1 ≤ n < ω}
be an independent linked family mod fin, see [9]. We will construct an in-
creasing sequence of filters {Cα:α < 2
ω} of properties (i)-(ii) and a decreasing
sequence of indices {Mα:α < 2
ω} of properties
(iii) |Mα \Mα+1| < ω
(iv) {Dλµ,n:µ, λ < 2
ω, 1 ≤ n < ω, λ ∈ Mα} is independent linked family
mod Cα.
We start with the filter C0 constructed at the beginning of this proof
and M0 = 2





β<αMβ. Now we will construct Cα+1 and Mα+1. To do this, consider
three cases.
Case 1) Vα 6∈ Cα. Then there exist C ∈ Cα, 0 < d
∗(C) < 1, S ∈ [Mα]
<ω,
nλ ∈ ω, σλ ∈ [2
ω]nλ such that













C = 〈A,B〉 means that C is generated by A and B). Then obviously ω\Vα ∈
Cα+1.
Case 2) Vα ∈ Cα and there exists n0 ∈ ω such that V
n0
α 6∈ Cα. Then there
exist C ∈ Cα, 0 < d
∗(C) < 1, S ∈ [Mα]
<ω, nλ ∈ ω, σλ ∈ [2
ω]nλ such that













obviously ω \ V n0α ∈ Cα+1.
Case 3) Vα ∈ Cα and V
n
α ∈ Cα for all n ∈ ω. For each n ∈ ω take




Case 3a) there exists n0 ∈ ω such that W
n0
α 6∈ Cα. Consider a cut ((W
n
α ∩
W n0α :n ∈ ω), (V
n




∗ Bα and V
n
α ∩Bα =
∗ ∅. Then we take Mα+1 = Mα \ {λn0} and





α,n ∩W n0α )〉.
Case 3b) V nα ∈ Cα and there exists B
n ⊆ ω such that W nα ∩ B
n ∈ Cα for
all n ∈ ω. Then by Lemma 3, the construction of C0 and previous steps there
exists n0 ∈ ω such that W
N0
α ∩B
n0 ∈ Cα and W
n0
α ∩ (ω \B
n0) 6∈ Cα. Now take





n0 ∈ Cα and Ŵ = ω \ V̂
n0
ω 6∈ Cα. Consider a cut
((V̂ n0α ∪ V
n




α ):n ∈ ω)).






V̂ n0α ∪ V
n
α =
∗ ∅. Then we take Mα+1 = Mα \ {λn0} and










The proof is complete.
Corollary 1 st(P (ω)/fin) has a weak P-point.
Proof. Using the properties of (asymptotic) density and the argumenta-
tion used in the previous proof, we obtain our claim.
3.3
Lemma 5 If P is a partial ordering for adding κ Cohen reals for some
cardinal κ, then in V P the gap determined by any element of P (ω)/△d over
(P (ω)/△d)
V is countably generated.
Proof. In the first part of the proof we consider adding one Cohen real.
Let V P = V [G], where G ⊆ P and G is a V -generic filter. Let c ∈ P (ω)/△d.
For each g ∈ G let
cg = min{a ∈ (P (ω)/△d)
V : g  a ∧ c̄ = 0},
where c̄ is the name for c. Thus {cg: g ∈ G} is the first component of the gap.
The second one is obtained similarly.
Since in V [G] every element of P (ω)/△d is in V [x] for some Cohen real
x. Now, we use the first part of the proof for each c ∈ P (ω)/△d. Then the
proof is complete.
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Lemma 6 Let B be a subalgebra of P (ω)/△d such that for each c ∈ P (ω)/△d
the gap determined by c over B is countably generated. Let C is the subalgebra
generated by B with some countable set C ⊆ ω. Then the gap determined by
each c ∈ P (ω)/△d over C is countably generated.
Proof. Let 〈A,D〉 be a gap such that
A = {a ∈ B: a 6 b} and D = {d ∈ B: b 6 d}.
Let c ∈ C. Consider a gap 〈A′, D′〉 such that
A′ = {a′ ∈ B: a′ 6 b ∨ (−c)} and D′ = {d′ ∈ B: b ∨ (−c) 6 d}.
Take an arbitrary a′ ∈ A′. Observe that A is generated by all a′ ∧ c. Since A′
is countably generated, hence A is also. Similarly, D is countably generated
because D′ is countably generated.
Lemma 7 (CH) If P is the partial ordering for adding ω2 Cohen reals, then
there is enumeration of P (ω)/△d in V
P of length ω2 such that the gap deter-
mined by each element over the subalgebra generated by the previous elements
is countably generated.
Proof. Consider the algebra Aβ in the extension of V by first β Cohen
reals, |Aβ| = ω1 for β < ω2.
Let {aα:α ∈ ω2} be a sequence enumerating P (ω)/△d such that
Aβ = {aα:ω1β ≤ α < ω1(β + 1)}.
Let A be the algebra generated by {aγ : γ < β < ω2}. Let Aγ be the
algebra generated by aγ , with γ < ω1β, where α = ω1β + η for β < ω2 and
η < ω1.
By Lemma 6, we only need to show that for any a ∈ P (ω)/△d the gap
determined by a over A is countably generated. The case β = 0 is clear.
By Lemma 5, each element of P (ω)/△d determines a gap over Aη and is
countably generated for any η.
If cf(β) = ω1 or β = δ+1 for some δ < ω2, then A is Aβ or Aδ respectively.
If cf(β) = ω, then A =
⋃
{Aξ: ξ < β} and the gap determined by a
over A is the union of gaps determined by a over Aξ, ξ < β, each countably
generated. The proof is complete.
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Theorem 2 Assume (CH). After adding ω2 Cohen reals the natural embed-
ding from P (ω)/△d from the ground model can be extended to embedding into
P (ω)/fin.
Proof. By Lemma 7, we can enumerate P (ω)/△d by {aβ: β ∈ ω2} in
this way that the gap determined by each aβ in the subalgebra generated by
aα, α < β is countably generated.
By induction on β for each algebra Aβ generated by aα, α < β a contin-
uous tower of embeddings gβ of Aβ into P (ω)/fin will be defined.
We will use a partial order, defined by Kunen, for filling a gap in P (ω)/fin,
(see [2]). Let 〈A,B〉 be a gap in P (ω)/fin. Let P (A,B) be the partial order-
ing constructing of all partial functions p ∈ ω2 such that {n: p(n) = 1}/fin
is in the ideal generated by A and {n: p(n) = 0}/fin is in the filter gener-
ated by B. Observe that if 〈A,B〉 is countably generated then P (A,B) has
a countable dense set and a Cohen real will add a generic filter for P (A,B).
If C ⊆ ω is added by P (A,B) then C/fin fills the gap 〈A,B〉.
Notice that there is a collection A of at most ω1 dense subsets of P (A,B)
such that any filter over P (A,B) which meets all dense sets in A determines
a subset A ⊆ ω such that gβ+1(aβ) = A/fin. Since A and B are countably
generated, P (A,B) has a countable dense set, so either P (A,B) has an atom
or it is equivalent to the forcing of adding a Cohen real. Notice that there is a
filter meeting any collection of at most ω1 dense sets in the partial ordering by
adding a Cohen real. Hence, there exists a filter meeting each element of A.
We leave to the reader the modifications needed to construct an embedding
extending a given ground model embedding.
3.4
Lemma 8 The Cantor cube 2c contains a countable dense subset.
Proof. Consider a family S of all finite subsets of ω For each S ∈ S
consider a function pS:ω → {0, 1} such that pS is constant on S and constant
on ω \ S. The family {pS:S ∈ S} is countable.
We can consider
⋃
{2n:n ∈ ω} instead of 2ω. Consider a family of func-
tions fS: 2
ω → {0, 1} such that fS is constant on a finite 0 − 1 sequence of
2ω determined by pS and constant on its completion. The family
D = {fS:S ∈ S}
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is countable. By Hewitt-Marczewski-Pondiczery Theorem (see, e. g. [4]), the
set D is dense in 22
ω
.


















for each ε ∈ {0, 1} and s ∈ [2ω]<ω.
Proof. By Lemma 8, the Cantor cube 2c contains a countable dense
set D. Enumerate D = {dn:n ∈ ω}. By Lemma 2 and Lemma 3 (particularly
the proof of Lemma 3), we can obtain a partition of ω into infinite sets
indexed by element of D such that d∗(Bdn) 6
1
2n
such that Bdn+1 ⊆ ω \
⋃




Bdn = ω and by [4, Theorem 3.6.1 and Corollary 3.6.12, p.
222] we can extend g:
⋃
dn∈D
Bdn → D, (in fact the mapping ω 7→ 2
c), to
ḡ: βω → 2c such that ḡ(
⋃
dn∈D
Bdn) = D, i.e. ḡ(Bdn) = const. for any dn ∈ D.
Notice that h: βω \ ω → 2c is onto. We know that βω \ ω = st(P (ω)/fin),
(see [11] for details). By Stone’s Theorem, (see e. g. [6, Theorem 1.1, p. 63]),
we have st(P (ω)/fin) is isomorphic to P (ω)/fin.
Now let ϕα be a projection 2
c into α-axe of 2c. Let Cεα = ϕ
−1
α ({ε}) for any
ε ∈ {0, 1} and α ∈ 2ω.
Obviously C0α∩C
1





c for any α ∈ 2ω and Cεα∩C
ε′
β′ 6= ∅




independent family in 2ω.
Now, since h is onto, then 2ω →֒ P (ω)/fin is an embedding. Hence
P (ω)/fin contains an independent family of cardinality continuum. Let f(Cεα)
= [Dεα]. By Proposition 1, there is an embedding P (ω)/fin →֒ P (ω)/△d. Fix








and take mapping [Dεα] 7→ [
⋃
m∈Dεα












Theorem 3 There exists an embedding φ:H(2c)/△H → P (ω)/△d such that
d(φ(a)) = µ(a), where a ∈ H(2c)/△H.
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of properties (I) and (II).
For any a ∈ H(2c)/△H fix exactly one Gδ set Ā such that a = [Ā] and









Let ϕ: 2c → 2ω be a continuous map such that µ(Ā) = λ(ϕ(Ā)) for any
Ā ∈ 2c.
Let
PĀ = {< Ā, n, s,D >, n ∈ ω, s ∈ [ω]
<ω, D ∈ [2ω]<ω, D is Boolean algebras}.
Say that < Ā, n, s,D >6< Ā, n′, s′, D′ > iff
(i) n > n′, s ⊇ s′, D ⊇ D′,
(ii) s ∩ (sup s′ + 1) = s′ and sup s = km for some m ∈ ω,






















d 6= ∅ for any finite subfamily D





















Bd(Ā) = {< Ā, n, s,D >: d ∈ D} and Bm(Ā) = {< Ā, n, s,D >:n > m}.
Both sets are dense. Let G(Ā) be {Bd(Ā): d ∈ 2
ω}∪{Bm(Ā):m ∈ ω}-generic.




{s:< Ā, n, s,D >∈ G(Ā)}.
and {C(Ā): [Ā] = a, a ∈ H(2c)/△H}.
To complete the proof, it is enough to show that
(a) d(C(Ā)∩C(Ā′)) = 0 and d(C(Ā)∪C(Ā′)) = 1 for a′ = −a ∈ H(2c)/△H ,







i=1 Āi)) = 0, where
.
= means the symmetric differ-
ence.
We will prove (b) only. The proof of (a) is similar.
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= C(Ā1 ∩ ... ∩ Ān)) <
ε
3
and for any d ∈ D′







By (iii) we have





















































The proof is complete.
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